The maximum gain difference between two distinct wavelengths is lower than 3.2 dB with an average gain of about 21 dB. The geometry of the doped fiber is defined by 19 microstructure cells and the doping profile is optimized through the gradient descent optimization algorithm (GDOA).
Although it presents good results, the optimization method used in [8] and [9] require a fairly timeconsuming numerical solution for the rate and propagation equations describing the behavior of the FM-EDFA. For WDM signals, the optimization procedure significant computational effort, since the necessary processing is much higher than that in the single channel case. As a consequence, it is usual that the investigations reported in the literature focus on a limited search space and/or rely on the predefinition of the pump mode, specified at the beginning of the algorithm.
A new methodology for an FM-EDFA project for WDM signal is proposed in this paper. The approach is based on a technique presented by us in reference [15] , originally for the design of singlechannel FM-EDFAs. Specifically, in our methodology, the rate and propagation equations are used only as a starting point, to derive a simplified figure of merit, which relates the output characteristics of the FM-EDF to the set of modes composing the input and pump signals. By using this figure of merit, computational effort is greatly reduced, allowing a generalized optimization process to be carried out by means of the non-dominated sorting genetic algorithm II (NSGA-II) [10] .
Here, this methodology is applied to extend the analysis to the differential modal and spectral gain
II. PERFORMANCE PARAMETERS
The four basic parameters for the evaluation of an FM-EDFA performance are gain, noise figure, gain efficiency and differential spectral gain (DSG). In conventional WDM systems, the gain difference between two channels is calculated as
where G dB ( i ) represents the gain (in dB) in the  i wavelength.
For the FM-EDFA, three new performance parameters are required, namely, the differential modal gain (DMG), gain excursion (∆G) and differential modal noise figure (DMNF). In this paper, the parameter related to the noise figure will not be addressed. On the other hand, DMG is defined as the differential gain between two points of the spectrum of the amplified optical modes, as [11]    
where m and n represent two allowed signal modes of the FM-EDFA.
For long range systems, the differential gain (DSG and DMG) must be kept the minimum possible. and 1561 nm. Ideally, both the DSG and the DMG parameters must be zero along the optical band of interest. However, in the example, the value of DSG reaches 7.8 dB (for LP 01 mode) while the DMG can be as high as 11.02 dB (at 1531 nm). Finally, the ∆G parameter represents the maximum differential gain between two different wavelengths, regardless of the spatial mode, and mathematically defined as [11] :
Accordingly to Fig. 1 , the channel 1539 nm of the mode LP 21 (15.06 dB) exhibits the minimum gain, while the maximum gain is obtained by channel 1532 nm of the LP 01 mode (29.04 dB).
Therefore, ∆G is about 14 dB. It is important to note that both the DMG and the DSG parameters contribute to raise the value of ∆G.
III. OPTIMIZATION FORMALISM AND METHODOLOGY
In this paper, the FM-EDFA is considered a two-level system. The FM-EDF is also taken as weakly guided and the propagating modes are described as linearly polarized (LP) [12] . The fiber is considered perfectly symmetrical and coupling effects between spatial modes are disregarded. Optical losses can be also neglected due to the small length of the doped fiber and the pump signal is considered as monochromatic. Our approach is to provide a simplified figure of merit to allow an exhaustive and comprehensive search on the all possible doping profile geometries. With this goal in mind, the figure of merit is derived accounting for the generation of the amplified spontaneous emission (ASE) [13] , which is disregarded in a preliminary evaluation of the FM-EDFA performance.
However, after the figure of merit is used to select the most promising doping profiles, further analysis and final performance assessment do include the ASE effects.
The derivation of our figure of merit starts by the rate equations, defined in [14] for the two-level system. As a result of above simplifications, those equations are rewritten as: In order to complete the model for the FM-EDFA, while simultaneously taking into account the simplifications proposed in this section, the input signal propagating equations defined in [14] are rewritten as
where
The first portion at the RHS of Eq. 6, called η 1 , contributes to the power decrease of i th input signal, due to the absorption of the optical signal. Meanwhile, the second portion at the RHS of Eq. 6, called η 2 , contributes to the power of i th input signal. The increase of the optical power is proportional to both the intensities of the input (P s,i ) and pump (P p ) signals, as well as to the integrals themselves.
When the signal can be considered as a single wavelength channel and the optical amplifier operates in the unsaturated regime, component η 1 is neglected and the simplified equation describing the propagation of the signal is simply defined by η 2 .
In this condition, a useful figure of merit concerning the amplifier gain was previously defined by us as [15] 
A. Figure of merit for WDM signals
In the case of WDM signals, the set of propagation equations, defined by Eqs. 6 and 7, also includes the added term: The value of η 3 is proportional to the product of optical intensities for the components of the input signal (P s,x P s,i ). Therefore, at the fiber input, the magnitude of η 3 is negligible when compared to η 2 .
However, in the saturation regime of the FM-EDF, when the amplitude of input signal amplitude is high, component η 3 must be taken into account. On the other hand, similarly to the single channel case, η 1 and η 3 can be disregarded when the FM-EDFA operates in the linear (i.e, unsaturated) region. 
The previous expression can be explored by highlighting three particular cases. The first case consists of an input signal with only one spatial mode, such as the LP 01,s mode, and different channels, for example, 1530 and 1550 nm. In this case, the integral η 2 is nearly identical for all the signal components, because the distribution of normalized intensity for all the channels in the same spatial mode is similar. Accordingly, a sufficient condition for the gain equalization is to assure that the cross sections of the different channels are similar. Unfortunately, complete spectral gain equalization in a given mode is not possible, because it is not possible to make the emission cross section independent from the wavelength, since the value of this parameter depends on the position of energy levels of the erbium ions in the silica matrix [16] .
The second case relates to optical channels of same wavelength but distinct spatial modes. Concerning this required spectral equalization, in the unsaturated region, the amplifier shows maximum gain close to 1530 nm and a relatively flat region between 1540 and 1560 nm. However, in moderate inversion condition, the region close to 1530 nm presents higher attenuation, due to the higher value of the absorption cross section [16] . Therefore, controlling the equalization of the amplifier simply through the inversion control is not effective for long distance systems. This is because the link reach and, consequently, the link loss are a paramount factor to determine the level of inversion of the fiber. In other words, non-intentional variations of the loss of links generate nonequalized gain. To overcome this difficulties a multi-objective optimization procedure for the design of WDM FM-EDFAs is provided below. 
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where  and   are the average and standard deviation of our figure of merit, defined by 
The pump signal is modal and polarization multiplexed. For the non-degenerated modes, the signal is represented by
while the degenerated modes are defined by 
in which LP lmax,s and LP lmay,s represent polarization x and y of the degenerated mode LP lma,s respectively.
In the sections to follow, first, the FM-EDFA is designed considering a WDM signal composed by two group modes (LP 01,s and LP 11,s ). Next, an optical system is simulated in order to analyze the performance of the amplified signal, considering its average gain, differential modal and spectral gain and gain excursion. The values of average gain and DMG as a function of the length of the FM-EDFA are illustrated in Fig. 2(a) . The pumping intensity is 275 mW and the power per channel is -22 dBm (total of -10 dBm/mode). Each point in the graphs of Fig. 2(a) represents the average and the standard deviation of The modal gain spectrum and the value of the DMG are shown in Fig. 2(b) , taking the same optical power of the input and pump signals used when considering the FM-EDF length equal to 16.4 meters.
A. FM-EDFA for WDM signals
The difference in modal gain is lower than 0.68 dB along the whole C-band, therefore being lower than the DSG. Then, in this case, the main factor of optical signal degradation is the high value of the differential spectral gain, penalizing the channels located in the spectral region around 1540 nm, because the gain level is about 2 dB lower than observed in the spectral range between channels 1545 and 1560 nm.
The ideal length of the FM-EDF varies according the power of the input and pump signals, due to the change on the inversion level. Fig. 3 shows the performance of the design A FM-EDFA as function of the pump power and of the power of the input signal. In the first case ( Fig. 3(a) ), the pump intensity of the LP 11,p mode varies between 100 and 345 mW and the power per channel equals to -22 dBm. The higher the pump intensity the higher the fiber length necessary to absorb the pump signal as well as to guarantee a moderate inversion along the fiber. Likewise, the average gain and the DSG are proportional to the pump intensity. However, the value of DMG is inversely proportional to the The performance of the FM-EDF as a function of the input signal power is shown in Fig. 3(b) , taking into account the pump intensity 275 mW. Similarly to what is observed in Fig. 3(a) , the ideal length varies inversely to the input signal level. 
B. Optical MDM-WDM systems
The block diagram of the simulated system is shown in Fig. 4 . Since the optical fiber is not The simulated optical link consists of an optical attenuator (ATT), whose attenuation is equal to 20 dB, in series with the design A FM-EDFA described in the previous sub-section (20 dB of gain). This The results indicate that the values of DSG can become prohibitively high across the overall Cband. In order to minimize the effects of the DSG on the amplified signal, a possible solution is to restrict signal transmission to the spectral region between 1545 and 1552 to take advantage of its higher level of gain equalization. In this case, each optical signal generated was composed of eight equally spaced channels, with optical power of -12 dBm per channel, representing -3 dBm of optical intensity per mode.
The resulting gain spectra of the amplified signal modes are illustrated in Fig. 5(b) . The maximum After ten amplifications spans, in the best case scenario (8 channels), the maximum values of DSG and DMG are 6.4 dB and 15 dB, respectively. As expected, since the FM-EDFAs was not designed for modal gain equalization, the main source of penalties becomes the DMG (and not the DSG, as in the previous design), clearly demonstrating the need for specific tailoring of the FM-EDFA doping profile in order to assure modal equalization.
The gain excursion, defined in Eq. 3, is illustrated in Fig. 6(b) . For this analysis, the amplifiers considered are models A and B, respectively, and the two input optical signals are composed of 8 optical channels with -12 dBm per channel or 16 optical channels with -15 dBm per channel. The total power per mode in both cases is -3 dBm. Accordingly to Fig. 5(d) , when model A is used and the signal is composed by 16 channels, the raising of G can be mostly attributed to the signal DSG. In fact, the value of G after ten amplifications is 28 dB, while the maximum values of DSG and DMG are 26 dB and 3.7 dB respectively.
In the case where model A FM-EDFA is used and the signal is composed of 8 channels, the contributions to G are equally divided between the parameters DSG and DMG, also representing the best system performance. In contrast, accordingly to Fig. 6(a) , when model B is used (uniform doping profile) and the input signal composed by 16 channels, the higher portion of G still comes from the DSG effect. However, when the signal is composed by 8 channels, the DMG effect provides the major contribution to G.
V. CONCLUSION
The optimum doping profile of FM-EDFAs was investigated by using our proposed figure of merit, a modified overlap integral, to calculate the gain performance of each configuration. The use of the figure of merit greatly reduces computational effort, allowing the designer to employ the NSGA-II genetic algorithm for a complete search of the whole solution space.
It is then possible to propose novel doping profiles, not yet investigated in the literature. An optimum design, considering both pump mode and doping, was provided and a WDM analysis was carried out. When comparing the system performance accordingly to the amplifier model used, it is demonstrated that a specifically designed FM-EDFA is essential for an improved performance of the MDM-WDM optical system since FM-EDFAs with uniform doping profiles cannot provide adequate levels of gain equalization.
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